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Abstract— A variational principle of Hamilton’s has been used to solve the problem of stationary convection
with dissipation in the variable property fluid flowing over a flat plate with unheated starting length. Thermal
diffusivity and viscosity were assumed to be linear functions of temperature. Two ordinary differential
equations were derived from the variational formulation and then numerically solved for Eckert numbers
ranging from 0 to 2 using a digital computer. The results show that the value of the Eckert number has a
considerable influence on heat transfer, while the change of friction factor is negligible. For higher values of
Eckert number, at a ceitain distance from the edge of the plate, the thermal boundary layer becomes thicker
than the momentum boundary layer even for a fluid with a Prandt] number greater than unity.

NOMENCLATURE p,  density; . -
constant defined by equation (28); ¢,  dimensionless variable (¢ =f*/).
thermal diffusivity; Subscripts

constant defined by equation (28);
skin friction coefficient;

specific heat;

Eckert number;

partial or ordinary derivatives with respect
to x,y;
w, wall property;

X, ¥,

momentum boundary-layer thickness; o,  free stream property.
characteristic length of the plate; Superscripts

local Nusselt number; . . . :
Prandt] number; A dimensioniess variable.
Reynolds number;

temperature;

free stream velocity;
velocity in the x-direction;
velocity in the y-direction ;
unheated starting length;
Cartesian coordinates;
thermal
thickness ratio (A/f).

Greek symbols

A7
d,
1.4,

1
His
v,

é!

thermal boundary-layer thickness;
variational notation ;
dimensionless  y-coordinates
L=y/f)

dynamic viscosity;

Lagrange’s multiplier ;
kinematic viscosity ;
dimensionless x-coordinate (£ = x/I};

(= y/A,

to momentum boundary-layer
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INTRODUCTION

THE OBIECT of this paper is to present a variational
approach to the problem of stationary convection in
the variable property fluid using a variational for-
muiation of Hamilton’s type introduced by Vujanovi¢
[1-3]. According to this formulation the Lagrange’s
density, containing an additional physically mean-
ingless parameter, is introduced into the action in-
tegral. When the first variation of the action integral is
set equal to zero, the complex differential equations,
containing the parameter mentioned above, are ob-
tained. However, in the case of the limiting transition,
by which this parameter approaches to zero, the exact
differential equations of the considered process are
obtained. It has to be noted here that this variational
formulation is especially convenient for the direct
variational method — the Kantorovich’s method of
partial integration.
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The theory of chain-systems* given by Arzhanykh
[4] will be used. Although the theory of Arzhanykh
concerns only the discrete dynamics, in this paper it
will be extended and applied to the processes being
described by partial differential equations.

YARIATIONAL PRINCIPLE

We shall consider the stationary laminar flow of
incompressible fluid with variable viscosity v and
thermal diffusivity a, over a semi-infinite flat plate,
taking into account the mechanical energy dissipation
caused by viscosity. The values v and a are considered
to be linear functions of temperature. The temperature
of the plate T, is considered constant.

Using these assumptions, the two-dimensional flow
in the laminar boundary layer without pressure gra-
dient is described by the following momentum

equation
du N du @ ( (”'u> )
U—+ v =y .
Cx dy  dy\ Gy, '
The boundary-layer energy equation is of the form
oT or o f T v (Cu\
u—_— + v .y = - d T + il B . (2)
Ox cdy v\ ¢y /) C Ny,

P

Equations (1) and (2) along with the continuity
equation

u  Cr
S0 ()
éx o Qy

and appropriate boundary conditions, when the func-
tions a(T) and v(T) are known, make possible
evaluation of three unknown functions u(x, y); v(x, y)
and T(x, y). The boundary conditions for the problem

under consideration are:
T=T, and
(4)

T=T,,

y=0: u=v=0;
Y="1)m: u= (-]7
where y,, = f(x) on y, = A(x), f(x) and A(x) being
momentum and thermal boundary-layer thicknesses
respectively.
In order to apply the theory of chain-systems two

Lagrangians are made:
Lo 1 [ou\? 4 cu Cu
= m *u —_— U -
2 \éx éx 0y

* According to this theory, the chain-system was titled the
mechanical system, the generalized coordinates of which can
be divided into k groups:

GirsGizs -+ Yin, (i=12,...k)

with k partial Lagrangians L' (i = 1,...,k) which, in general,
depend on time, all generalized coordinates and all genera-
lized velocities, so that equations:
d e aLw®
dr o4, LWl

give the differential equations of considered system.
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v (7u>2 (TT] a (TN .
- | (; ) }e" ", (6)
C,\dy/) ix 2\ ey
Lagrange’s multiplier p, = u,(x,v) in the first La-
grangian is unknown. The constant parameter m is
physically meaningless.

According to the theory of chain systems functions
u, v, Tand p, are generalized coordinates and they are
divided into two groups. Functions u, v and y, belong
to the first group and the corresponding Lagrangian is
LY, while temperature T is in the second group with
Lagrangian L®. The corresponding action integrals
are:

L

x=l 'y,
[ [ L'Ydxdy {7

o o 0

x=1 ¥on
I, = ( {‘ L* dxdy. (8)

JOx0 oG

Differential equations (1)-(3), describing thermal
and momentum boundary layer over the flat plate, can
be derived from the variational principle:

8, =0 (9
31,=0 (10)

It has to be noted here that the variation of the first
action integral (7) is related only to the first group of
coordinates (u, v and p,), while the variation of the
second action integral (8) is related only to the second
group of coordinates (T).

After varying the action integrals (7) and (8) and
partial integrating we obtain:

[x:l

v

AT (D bx=1

—du dy

Y In| OL
dx + J‘ 5
0 0

am
- OU
ou,

a
¥ ('ux 1 Xo

¥

cuy, |

ERE Y 127 LR A
+ AT T AL A
Peo Jo | Cu ex Cuy

el j,L(l) .
—: (—TW oudxdy
¢y du,

x=l [¥m BL(I’ a oL
+ - P — ,“7, [S—
x Jol Ov ox Qv

x=l fym arh )
+[ Jframmwzo ~~~~~ (11)
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x=1iA7(2) Vi Ymi L2} x={

OT| dx + oT d
J‘xO 6T}’ 0 f{) aTx Y
x=1

+ j

(2)
Lo dTdxdy = 0. (12)
oy 0T,

Since velocity u and temperature T are determined
at all boundaries except at x = I, first members in
equations (11) and (12) are equal to zero (because du
={ and 6T=0).

If at x=1! and y =y, for arbitrary values of
variations du, ov and 8T, the following conditions

oLm aLm

& =0; —9J =0 d
aux i s avy v yos. an
aL®
TI =0 13)
aTx 5 x={ {

are satisfied, the variational equations (11) and (12)
result in Euler—Lagrange’s equations:

oL g oL 9 6L‘”
du Ox ou, Oy ou,
615” d LY g AL
v Ox Ov, 51—1 dv, h
(14)
oL®
duy -
éL® 9 oL®» oL@
8T  ox oT, oy oT,

Substituting Lagrangians (5) and (6) into cor-
responding equations (13) and (14) and dividing by
e*™ we get

=0

(15)

2
__L(%) ]5T =0
CP 8y x=1
ou\? ugu_ (ZLE 0 6u+ Ju
mz ox ax oy "a\*am Tty

a“)+ 6” E=m_ 0 (16)
6y (7y —Hi € =0 {

O0u Ju

—— — e xm —(
m@x oy fre
ou 6v
5; — =0 (17)
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a1 foT dT 8T 1 éa [oT\?oT
ma_ir"[i"(a ) * 5;5‘55%(@)‘—
(Em)’ é‘T}_Ei{z_(éT)

dy 20T

9__ 1‘3_<_>
26
ou\? d

S
_15_“(93’1) _L(@)}_mi(vﬁ)
2 T \ dy C,\dy é ox

2 (da 6T6T> 6( 6T> 0
m6y<6T o)ty )T
Equations (15)-(18) obtained by the variational me-
thod are much more complicated than differential
equations (1)-(3) of the considered process, but when
m — O equations (16), (18) and {17) become identical to
equations (1), (2) and (3) describing steady-state
momentum and thermal laminar boundary layer of
incompressible variable properties fluid over a flat
plate.
The second of equations (15) gives the boundary
condition for Lagrange’s multiplier

T
”ax

(18)

}’=J’mﬂ1(x,}’}=09 (19)

while the other equations are identically satisfied.

APPROXIMATE SOLUTION OF THE PROBLEM

In order to obtain an approximate solution of the
problem under consideration the direct method of
variational calculus in the form of partial integration
{the method of Kantorovich) will be used. The essence
of this method is to presume the shapes of the
unknown functions satisfying a reasonable number of
boundary conditions. After substituting these fun-
ctions into action integrals and performing partial
integrations, so called reduced action integrals are
obtained. The stationarity conditions of reduced ac-
tion integrals result in Lagrange’s equations of the
problem.

For the problem described by equations (1), (2) and
(3) we shall presume the shapes of the unknown
functions u(x, y), v(x, ), T(x,y) and p,(x, ).

Let the solution for the velocity component u(x, y)
parallel to the plate be of the form:

u(x’ }’) = Uco ¢1('J"): (20)
where U, is the free stream velocity and ¢, function of
a dimensionless parameter 1 given by:

=7
fxy’
f(x) being the thickness of the momentum boundary
layer.
According to the assumption of the finite thickness
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of the boundary layer the following boundary con-
ditions can be written:

cu

=0

oy

y=ym=fr u=U

eR]

The corresponding conditions for the function ¢, are:

al
d7

¢, =1, = 0.

The transverse velocity component v(x, y) is given by
the approximate function
v=g(x) N(2) — o(x)R(2),

where N(24) and R(/) satisfy the following conditions:

21)

dN . .
—=N'(2)=/-¢1(~) and (22)
di
dR . ,
o R'(2) = ¢4(4), (23)
or in the integral form
N(4) = [Aqs;(z)(u +C, (24)
R(2) = f(b,(/l)d). + C,. (25)

In order to satisfy the boundary condition ¢, ¢, =0
according to equation (21) must be:

(26)

The approximate dimensionless temperature profile is
of the form:
T-T,
T:r - Tw
where 7 = [y/A(x)], A(x) denoting the thickness of the
thermal boundary layer.

The temperature profile T(x, y} can be rewritien in
the form:

= ¢,(n),

T= T0¢2(r’) + va TO = T'x - TW' (27)
The boundary conditions:
A: T=T o _ 0
Y= VYm= . - a ay -
can be written in the form
d¢,
=n,=1: =1, —=0.
n=tm=1: ¢ a

We shall assume that kinematic viscosity v and
thermal diffusivity a are linear functions of
temperature:

v=v,{1+ A40)

a=a,(l + BY) (28)
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where

In the case of heating of an incompressible fluid will be
A < 0, B > 0, while the case A > 0, B < 0 corresponds
to cooling.

Since 8 = 1 — ¢,(n), equation (28) become

v=v,[4* — 4d,(n)]; A*=A+1
(29)

a=a,[B*~Bpy(m)]: B*=B+1

Lagrange’s multiplier can be written in the form

1y = Px) - Q(4),

where Q(4) must be chosen to satisfy boundary
condition (19).

We shall substitute velocity profiles (20) and (21),
temperature profile (27) and Lagrange’s multiplier (30)
into action integrals (7) and (8), and afterwards we
shall perform the integration over thicknesses of
momentum and thermal boundary layer. The cases A
< fand A > f will be treated separately.

After the integration, the following reduced action
integrals are obtained:

!
=

o

(30)

Li(f.f A ¢, @, B, x, mdx (31)

!
I, =J Ly(f, A, A, g, @, x, m)dx (32)
with partial Lagrangians
LUl st Uiy, Ulef
Ly = ST 4 - Ay 4
1 {m[z 7 1 T 2 7 3
Van Ui * xim
Y (A*A, — AF) e~
— BoAs+ Blg — U..f)4e 33)
TiU A7
L, = {m[_"u—z F, + TigA'F, + Ti@A'P,
a,BTiN v, UL ToA 1
-2 2T B+ - —(AYF, — AF
ZAZ 1 + Cpfz ( 3 4)
e T2 x(m
- wz—gﬂ(B*Bz - BB3)}e . (34)
For A > freduced action integrals are:
1
Jl =J gl(f’f” A’ 4, ¢, ﬁs X, m)dx (35)
1
J2 = j LS, A, B, g, @, x, m)dx, (36)

with partial Lagrangians:

iy Uigf
P, = —XL A, — A,
! {"’[ o T

Ulof
2
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VwU2 * - X /m
Y 5 (A% A, Atﬁ)}

— BoAs + Blg — Usnf)4s (37

TAU A
gz = {m[ Ol;oo

¥y + TogAY, + TopA'P,

a,BTIN v, UL ToA
- 1 (A*Ys — AY,)
24 G
9y T0

(38)

(B*B, — BB )} exim,

In Lagrangians given above constants and functions
are defined by the following integrals:

A, zfl¢,().)¢;2(;h);ﬁdz; A2=f N4 AdA;
0

f RO)G2(2)AdA; A4_j F()dA;
As *f () Q(A)d4; Ag = fo D) O(A)AdA;
B, = f $2(mndn; B, = j otb?(n)dn;
B, =J @2(n) ¢ (n)dn
Q

Alf f
F(f,A)=L ¢z( ,))sﬁ (/")d?+J ¢E(Ad2;

10 (AN
Pl(fﬁA)= ZJOR(77’1>¢22(”)7?(1"

Fl(faA)= %f d)l (f ,'1)4’ (’1)’12(1’1,

P/ )= fl [ 5(5n)szimon

Fs(f,A) = @ .n)qs;(n)n dn;

A
Fif, Ay = ( m)¢'z(n}¢z(n)ndn
W, A) = ¢2( )¢ (1dz;

S/
wl(f,A>=3[ f m( f,n)¢ rdn

+ ¢'22('I)ﬂ2d’1:i ;

fia

ntra = - L[N (A
FANEY )_ '—KJ‘O (f7r,)¢ (r’)d'}a

1[4 (A
Pz=zfo (J,m)é (n)dn;
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fiA A

¥i(f,A) = j‘ 2 (‘”,’1) @(mndn;
o f

fia A
Valf,A) = f £ (7,11)%(17) $5(n)dn. (39

In equations (31)-(38) the following notation was used

,_df ,, dA- do; ck&

Fg M= B 9
Let us consider the case A < f{thermal boundary layer
is thinner than the momentum one). Functionsf, g, ¢, f
and A are generalized coordinates.

According to the theory of chain-systems and with
regard to the connection between functions f, g, ¢, §
and A on one side and u, v, Tand p, on the other side,
we can consider that generalized coordinates f, g, @
and f# belong to the first group and A to the second
group of coordinates with corresponding Lagrangians
Ly and L, respectively. Accordingly when varying
reduced action integral (31), functionsf, g, ¢ and f are
varied, while the variation of reduced action integral
(32) relates to function A.

If velocity and temperature, i.e. functions f, g, ¢,
and A are defined at all boundaries except at x = /and
if at x = , for arbitrary values of variations é fand A,
the following natural conditions:

=0; aLzéA

oL,
—_5 =
a7, A 0

x=1

(40)

are satisfied, then the conditions of stationarity of
reduced action integrals

8I,=0 and 8I,=0

result in Euler-Lagrange’s equations:

Qliil. _d oL = (41)
of dx of
8L, d IL,
b @iy “
oL, d oL,
o ol 43)
oL, — i 3_11 = (44)
B dx o
oL, d oL,
v " 3)

Introducing partial Lagrangians (33) and (34) into
equations {40)—(45), dividing them by "™ and accom-
plishing the limiting transition m— 0, equations (40),
(42} and (43) are identically satisfied, while equations
(41) and (45) result in:

0 uLr
Ef[ TR AF):’— A,
U3 U
+7£A2~~7—IEA3=0 (46)
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a, T}

AT (B*B, — BB;) —

U, T¢ANF,

— T4gF, — T(%(PP1

a,T¢B v, U T,
By — I DA*F, — AF) = 0.
2A? C,f*

47

Equation (44) gives
= @As+(g— U, f)4 = 0. (48)
This equation is satisfied only when

¢=0; g=U,f" (49)

Rearranging equations (46) and (47), using con-
dition (49) we obtain:

OF
20 (A, — A)f + v (AF — Af%f —A*A) =0

U, A*A'F, + 22U, A f'F,

v, U2 A?

e A*F5 — AF

CPT@ f-)_( 3 4)
+a,(BBy — BB, — B*B;) = 0. (50)

Applying the conditions of stationarity of reduced
action integrals (35) and (36), with partial Lagrangians
(37) and (38), the differential equations for the case
A > fare obtained:

2U (A —Apf + v, (AY - Af"}/%“A*A‘:}—
W AN, + 22U, A,
v, UL A2
. P A* - A
P2 AN = A

+a,(BB, — BB, — B*B,)=0.  (51)

We shall assume velocity and temperature profiles of
Targ [5] in the form:

@1@) - %i - %23

(52)
dalm) =31 — 0’
which satisfy the following boundary conditions:
y=0, 2=0, n=0:
¢, =0, ¢,=0, u=0, T=T,
du
V=f' L=1: ¢1:I, (ZS;:O MZU,,', é{}mO
T
y=A n=1:1¢,=1 ¢,=0 T=T, "~ =0
{

From equations (24) and (26) we obtain
Ny = 3227 — 2%,

Substituting functions ¢, ¢, and N into (39) we get
the following constants and functions:

39 9 6
A Ay = Ay = -
Tt T TS
27 6 33
By=": B,=- By=>"
' 64 s a4
_9(_3A 1A3 1A“),5‘
T8\ 475 T6rT a0 e
9 /11 1 A
Fi=—l-=—= =)
R\2f 1513
9( 1A 1A3)
Fo= | == =+ — =
2\ 452 2014,
27/1 1A 1 A
Fy="li--5+5
8\4 62  247*
27(12 88 A 52 A*
F4_""' T "“‘“‘7"“"“;‘
6\35 31577 693 f*,
w_9(f 113)
C16\A 12 A°

9 /16 1 f° 237
Qfll:*_<__..._‘_if__+_,____,....A.,‘{1>;

8AN\105 12 A%  20A° 280 A7
L2 5% 3
VR (R A . ,_b_.);
AV 3AT T 12A% 20 A°
( -35)
8 f* 327 8 f
1114 = | o ey — +
16 ‘35 A 315A5 T 693 A7 (53)

Substituting necessary functions and constants (53)
into equations (50} and (51} we obtain:

21
i_G*OUjﬁ‘ + V.

9A( 34 28 3A5) 61_,
e T2 T3 05 5

1A 1 A®
2U,AA'(«——AM)

16 2 f 1513,
3 | A2 1A“3
,,,UVAv(_»* 14
TR f\ 4\;"2*20,)('4,

8 C TO 70 2/f7 315 3/
(e ) (M) <o
2772 12/ ¢ | 160 5
UL f +y, { A’fi (A+16_l 0
: 327 A3 5

9 16 1 1 3 f'7)
U AA| e e L D
4U‘ (105 12 A3 * 20 A° 280 A7,
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27 ( 1fF 5 ft 3
+EU°°Af<"§F 12A° 20 A°
9y, U2 24 f r?
© -—Am-—-AH
+8T0C [(’”) 357A 2! )
32 fs fs
A_.‘
TR O 231 AS

3
B-(B+1 55
+a [32 ( )z ] (55)
It is convenient to introduce new dimensionless
variables

¢= (56)

x . A
1 f’
where | indicates the characteristic length of the plate.
According to (56) will be:

do de dY)
—~I AA = —l Y21 +20Y

r 2 de’ 2 ( d¢ d¢
do
= 1 Yot
Af’ az
Rearranging equations (54) and (55) using equations
(56) and (57) and introducing Reynolds [Re, =
(Uol/ve)], Prandtl [Pr, = (v,/a,)] and Eckert
number {Ec = [U%/C(T, — T.)]}, we obtain the

differential equations of the problem:

67

for A<S
21 d(p 9
“dé 8

(i )4
(Z gt ( 5)
12"[(171 At %)
)]

17A+1
“\3157 T3 2772

_3_2_..,,1.._<ﬂ 90 )
9 Re, Pr,\160 5

ForAzf:

+8¢(;;5 Y_2 BERANT
—-;I—?‘?—-[(A+1 —§—4AY ‘—;‘1-(A+1)Y‘2
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2, 8
22 gy - > qy-
TR XY ]

- .—32 17_73 + g) == ),
27Re, Pr\ 160 5

The solution of the system of equations (58} and (59)
is possible only by numerical methods, however there
are some difficulties relating to the boundary con-
dition at the edge of the plate. If the plate is heated
along its entire length, rather than at x = 0,f = 0 and
A =0, thus causing Y= A/f=0/0, x =0 becomes
singularity point. In order to avoid this difficulty we
shall assume that there is an unheated initial length x,
of the plate, so that thermal boundary layer starts at &,
= (xo/l) (Fig. 1). In this paper the value &, = 0.1 is
taken in order to compare the results of these calcu-
lations with results in [6]. Differential equations (58)
describe the process in the interval 0 < x < x, (Fig. 1)
(or in dimensionless form 0 < & < &, where ¢, =
x/l), ie. in the region where A(x} < f(x). The
boundary conditions in this region are:

E=0; ¢=0
0<¢<0l1: Y=0.

(9

(60)

The second of the boundary conditions (60) makes it
possible to solve independently the first equation in
(58). In the interval 0.1 < & < ¢, equations (58) are
coupled.

After solving the system (58) the coordinates of the
point M, {Fig. 1), for which the values of dimensionless
variables are £ =¢,, ¢ = ¢(£,) and Y= 1, can be
determined. These are the boundary conditions for
solving system of equation (59) for A > f.

For the numerical solution of the system of equa-
tions (58) and {59) using the method of England [ 7] the
following fluid properties and flow conditions were

supposed :
Re, =80000, Pr,=2, A= -05 B=01.

Since the object of this paper was to establish the
influence of viscous dissipation on the formation of
momentum and thermal boundary layers over a flat

Y 4 (x)}

M; f!'X)

Xo

X3

~Y N __

F1G. 1. Momentum and thermal boundary layers over a flat
plate.
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plate, the Eckert number was varied from 0 to 2.0 (Ec
=0;0.2;045;0.5; 1.0; 2.0).

Numerical solutions give the dimensionless thick-
nesses of momentum and thermal boundary layer
along the plate:

f* =f7 ~Je
A
A* = 7= Yo
The local Nusselt number is defined by the
expression :
Nu, = (?_Z‘_) =L<5_T) ,
T, — T, \dy y=0 To \ 0y y=0

According to equations (27) and (52) the local Nusselt
number can be calculated from the expression

orin terms of &, ¥ and ¢

N -3 ¢

The local coefficient of skin friction is given by:

Bt o7
Ty — a}’ y=0
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Since
(Qg) _ (qub;) _3u,
ay‘ y=0 \ f 2=0 zf
and
o
= Whmo = vl AOY=y = v (1 A)

the final expression for c; is as follows

. m3{1+A)_3{1+A}
e Rexf* _'Rex,\/jqo.

Plots of functions f*, A* Nu, and ¢, for different
values of Eckert number Ec are given in Figs. 2-7.
Figure 8 shows the influence of Eckert number on local
Nusselt number along the plate.

DISCUSSIONS AND CONCLUSIONS

According to Fig. 2, the results obtained for the case
without viscous dissipation (Ec = 0) are in excellent
agreement with those from [6] and that is a con-
firmation of the reliability of the variational method
applied.

From Figs. 2--7 it is evident that viscous dissipation
has almost no influence to the thickness of momentum
boundary layer and consequently to the skin friction

=1 0T i coefﬁcient.. ‘ .
7PV A According to Figs. 2-7 the thickness of thermal
1949, M
0
Ec=0 P
Nu Ko
———— 135
——aem f® 130
" ————— AR 125
120
0s
o
05
00
%
90
a5
50
75
4]
85
&0
55
o5 0 15 20 25 .30 .35 4D 45 50 55 60 65 A 75 80 .85.90 .95 100 Ef

Fic. 2. Plots of functions Nu, ¢, f* and A* for the case Ec = 0.
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frAe o Nu
50
Ec=020 us
Nu 140
—_——_—— 135
———— e 130
" ————— A 125
”° 120
13 15
12 "
" 05
0 00
9 9
& 90
7 85
6 &0
5 75
< , 0
31/ \A\\\s 65
24s \"~~§___________ &0
121073,

0 .05.00 .15.20.25 .30 .35 40 45 .50 .5 .60 65 .0 .75 80 .& .90 .95 1.00 £
FIG. 3. Plots of functions Nu, ¢, f* and A* for the case Ec = 0.20.
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FIG. 4. Plots of functions Nu, c, f* and A* for the case Ec = 0.45.
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FiG. 5. Plots of functions Nu, ¢, f* and A* for the case Ec = 0.50.
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Fic. 6. Plots of functions Nu, ¢, f* and A* for the case Ec = 1.00.
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Fic. 7. Plots of functions Nu, ¢, f* and A* for the case Ec = 2.00.
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FiG. 8. Influence of Eckert number on local Nusselt number along the plate.
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boundary layer increases with increasing Eckert num-
ber. This is due to the decrease of the temperature
gradient because of the frictional heat generation. The
increase of the thermal boundary layer thickness
causes the decrease of the local Nusselt number as can
be seen from Fig. 8. Figure 8 also shows that with
increasing Eckert number there is a more emphasised
minimum of the Nusselt number. This is due to the
faster increase of thermal boundary layer thickness at
the inlet region of the plate with increasing Ec.

A very important conclusion which can be drawn
from the results of this work is related to the fact that
Prandtl number Pr > 1 does not always mean that the
thermal boundary layer is thinner than the momentum
one. As it can be seen from Figs. 2- 7 the assumption A
< f is correct as long as the Eckert number is lower
than Ec, (in this work Ec, x> 0.45). When Ec > Ec¢, the
thermal boundary layer can be thicker than the
momentum boundary layer even though Pr > 1.

REFERENCES

1. B. Vujanovi¢ and A. M. Strauss, An approach to linear
and nonlinear heat-transfer problem using a Lagrangian,
AITAA JI9(1), 131134 (1971).

. B. Vujanovi¢ and A. M. Strauss, Heat transfer with
nonlinear boundary conditions via a variational prin-
ciple, ATAA JI9(2), 327-330 (1971).

3. B. Vujanovi¢ and Dj. Djuki¢, On one variational prin-
ciple of Hamilton’s type for nonlinear heat transfer
problem. Int. J. Heat Muss Trunsfer 15, 11111123
(1972).

4. 1. S Arzhanykh, On chain systems in a theory of
nonlinear oscillations, (O Csepnykh Svstemakh Teorii
Nelneynikh Kolebanii), Acad. Sci., US.S.R., Kyev (1963).

. 5. M. Targ, Basic problems of laminar flows, (Osnornye
Zadachi Laminarnykh Techenii), pp. 178--186, Gostekhiz-
dat (1951).

6. S. C. Cheng, L. G. Birta and Y. L. Su, Application of a
variational method to flow over a flat plate in the
entrance region with variable physical properties, nr. J.
Heut Mass Transfer 15, 1933-1952 (1972).

7. R. England, Error estimates for Runge-Kutta type
solutions to systems of ordinary differential equations,
Computer Journal 12, 166-170 (1969).

(&)

n

UNE APPROCHE VARIATIONNELLE DU PROBLEME DE LA CONVECTION LAMINAIRE
STATIONNAIRE AVEC DISSIPATION DANS UN FLUIDE A PROPRIETES VARIABLES

Résumé — On utilise un principe variationnel de Hamilton pour résoudre le probléme de ia convection
stationnaire avec dissipation dans un fluide a propriétés variables s’écoulant sur une plaque plane avec une
longueur préalable non chauffée. La diffusivité thermique et la viscosité sont supposés fonctions linéaires de
la température. Deux équations différentielles sont obtenues et résolues numériquement pour des nombres
d’Eckert allant de 0 a 2 en utilisant un ordinateur. Les résultats montrent que la valeur du nombre d'Eckert a
une influence considérable sur le transfert thermique, tandis que le changement sur le coefficient de
frottement est négligeable. Pour des valeurs élevées du nombre d’Eckert, 4 une certaine distance du bord de la
plaque, la couche limite thermique devient plus épaisse que la couche de quantité de mouvement méme pour
un fluide a nombre de Prandtl supérieur a Punité.

VARIATIONSRECHNERISCHE BEHANDLUNG DES PROBLEMS DER STA_TIONA'REN
LAMINAREN KONVEKTION MIT DISSIPATION IN EINEM FLUID MIT VERANDERLICHEN
STOFFWERTEN

Zusammenfassung—Ein Variationsprinzip nach Hamilton wurde auf das Problem der stationdren
Konvektion mit Dissipation in einem Fluid mit verdnderlichen Stoffwerten angewendet, das {iber eine ebene
Platte mit einem unbeheizten Anfangsabschnitt stromt. Temperaturleitzahl und Viskositdt wurden als
lineare Funktionen der Temperatur angenommen. Aus der Variationsrechnung wurden zwei gewGhnliche
Differentialgleichungen hergeleitet und dann fiir Eckert-Zahlen im Bereich von 0 bis 2 mit einem
Digitalrechner numerisch gel6st. Die Ergebnisse zeigen, daBB der Wert der Eckert-Zahl einen beachtlichen
Einfluf auf der Wirmeiibergang hat, wihrend die Anderung des Reibungsbeiwertes vernachlissigbar ist. Bei
hoheren Werten der Eckert-Zahl wird ab einem gewissen Abstand von der Plattenanstromkante die
thermische Grenzschicht dicker als die Impulsgrenzschicht, selbst fiir ein Fluid mit einer Prandtl-Zahl gréBer
als eins.

BAPUALIMOHHBIN NMOAXO/ K IPOBJIEME CTALIMOHAPHOM JIAMUHAPHOM
KOHBEKLIUU TP HAJIUYUHK JUCCHUITALIUM B XKUAKOCTHU C NEPEMEHHbIMU
CBOWCTBAMH

AHHOTaLus —

BapHalHOHHBIH TPHHUMT [AMHILTOHA MCMOJB3YETCA IS PELICHHN 3d/[144M CTALHOHAD-

HO#l KOHBEKIMM TPH HAJIMYHM JIMCCHNALMHM B IOTOKE XWIKOCTH C TIEPEMEHHBIMH CBOHCTBAMH Hall
JIOCKO# MJIACTHHOH ¢ HEOGOTpeBaeMbIM Ha4asIbHBIM y4acTkoM. [lpeamonaraercs, 4To TEMNEPaTypo-
IPOBOHOCTh M BS3KOCTH SBJSIOTCH JIMHEHHBIMH (YHKUMAMM TemnepaTypbl. M3 B4 PHALHOHHOTO
OpHHUANA MOJYYEHbl BA OOBIKHOBEHHBIX [MO(BEPEHIHAIbHBLIX YPABHCHUS U HA BbIMHCIMTENLHOM
MALIMHE NOYYeHO HX YHCICHHOE pelleHHe /Ui 3HaueHMi ducia Dxkepra or 0 q0 2. PesynbraTel
MOKa3bIBAIOT, YTO BEJHUMHA YMC/A JKKEpPTa Oka3biBaeT OoNbLIoe BIMAHHE HAa NEPeHOC Tellla H MOHTH
He BaAuseT Ha x0dQduIMeHT TpeHuA. [1pH Goslee BHICOKMX IHAYERNUAX YHMCIAa DKKEPTA BBICOTA TEILIOBOIO
MOrPAHHMHOTO CJIOS HA ONPECICHHOM PACCTOSHMM OT KPas 11aCTHHBl HAYHHAET NPEBHILIATE TONLUUHY
JMHAMMYECKOTO NIOFPAHMMHOTO C/I0S Aaxe Y KUAKOCTEH ¢ uuciom [TpanaTas Gosbiie eaMHHUIIBL.



